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Abstract 

This paper establishes the existence and uniqueness of a periodic solution for a nonlinear integro-differential 

equation with variable delay, employing Kwasniewski’s Fixed-point Theorem. We consider the equation  𝑥′(𝑡) +

𝑎(𝑡)𝑥(𝑡) + ∫  
𝑡

𝑡−𝜏(𝑡)
𝐾(𝑡, 𝑠) ⋅ 𝑥(𝑠)𝑒−|𝑥(𝑠)|𝑑𝑠 = 0 where 𝑎: 𝑅 → 𝑅 , 𝜏: 𝑅 → 𝑅+   and 𝐾: 𝑅 × 𝑅 → 𝑅 are continuous, 

𝟂 -periodic functions in t , with τ(t) satisfying appropriate regularity and boundedness conditions (e.g., 0 ≤ 𝜏(𝑡) ≤
𝜏0 < ∞ ). The nonlinear term 𝑥(𝑠)𝑒−|𝑥(𝑠)| exhibits a natural boundedness property: the function f(x)= 𝑥𝑒−|𝑥|  is 

globally bounded on R, satisfying ∣ 𝑔(𝑥) ∣≤ 
1

𝑒
 for all 𝑥 ∈ 𝑅 . This crucial feature ensures the integral operator is 

well-behaved and facilitates the application of Kwasniewski’s theorem within the Banach space 𝐶𝜔of continuous 

𝟂 -periodic functions. To apply the theorem, we decompose the associated integral operator into the sum of a 

compact operator and a contraction mapping, thereby verifying the requisite conditions. Uniqueness of the periodic 

solution is further established through refined differential estimates and a careful analysis of the Lipschitz 

properties induced by the exponential nonlinearity. The results presented herein constitute a significant 

generalization of prior work in the literature, as they address the challenging combination of variable delay and a 
highly nonlinear, non-Lipschitz kernel that cannot be handled by classical methods. This work contributes not 

only to the theoretical framework of functional differential equations but also provides a robust analytical tool 

applicable to models in population dynamics, neural networks, and control systems with memory effects. 

 

Key words: Periodic solutions, Krasnoselskii fixed point theorem, Integro-differential equations, Variable delay, 
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 حلول دورية لفئة من المعادلات التفاضلية التكاملية ذات التأخير المتغير واللاخطية الاسية  

 
 3عمر امجيحيد، 2إبراهيم  عبدالله  ايناس ،  *1محمود  يوسف سعد  

 ليبيا  البيضاء،، عمر المختار ، جامعة التربية ، كلية قسم الرياضيات 1     

 ليبيا  البيضاء،  المختار،عمر   جامعة  العلوم، كلية  الرياضيات،قسم  3،2         

 الملخص 

يؤسسسسسا هلا البحو  جود   يدااية الحلود الد رية لمنة مم المعادلت التياملية التماضسسسسلية يير الخ ية التب دتمي  بحد د 

التأخير المتغير. يسسستخدم إراراا النيرم مبرهنة النة ة البابتة ليمايسسنيمسسسيب كأدال دحليلية .سسساسسسية. اةوم بدراسسسة المعادلة 

 :التماضلية

 𝑥′(𝑡) + 𝑎(𝑡)𝑥(𝑡) + ∫  
𝑡

𝑡−𝜏(𝑡)
𝐾(𝑡, 𝑠) ⋅ 𝑥(𝑠)𝑒−|𝑥(𝑠)|𝑑𝑠 = a: ℝ → ℝ، +τ: ℝ → ℝ ، : ℝ × K ييو  0

ℝ → ℝ  د اد متصسسسسلسة  د رية دمبس-ω بالنسسسسسبسة للمتغير ال منب t. دحةق دالة التسأخير τ(t)   معسايير اسسسسارمة لماتيسام

 )0τt) ≤ 0 ≤ τ ∞ >.  المحد دية،  دحديدا  

f(x) = xe- ،  اللم ييُهر خصائص محد دية متأالة. الدالةx(s)|-x(s)e| ديمم خااية ممي ل لنيامنا فب الحد يير الخ ب

 |x|محد دل عالميا  على ℝدحةق المتباينة  ،  |f(x)| ≤ 1/eلجميع . ℝ ∈x    هله الخااسسية ااسسساسسسية دضسسمم يسسسم د سسيي

ين وم   . الد ريةللد اد المتصسلة    ωC  المؤثر التياملب  دسسه  الت بيق الصسارم لمبرهنة كمايسنيمسسيب داخ  المضساء البناخب
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mailto:yousuf.saed@omu.com.ly


153 | Libyan Journal of Medical and Applied Sciences LJMAS)   

 

منهجنا على التحلي  السستراديجب للمؤثر التياملب المردب  إلى مجمو  مؤثر مضسغور  مؤثر ااةباضسب، مما يحةق ال سر ر 

الضسسر رية لمبرهنة النة ة البابتة. يتم إثبات  يدااية الح  الد رم بصسسرامة مم خمد دةديرات دماضسسلية مت ورل  دحلي   

 .حبة بواس ة المخ ية ااسيةيام  لخصائص الستمرارية الليب يت ية المست

دمب  المسسساهمات النيرية المةدمة فب هلا العم  دةدما  جوهريا  عم اادبيات الموجودل، ييو دعالب بنجاا التركيا المتحدم 

دحليليسا  لليسات التسأخير المتغير  السد اد النوال عساليسة المخ يسة  يير الليب سسسسيت يسة التب ل يميم التعسامس  معهسا بساسسسسستخسدام  

هلا البحو ااسسا النيرية للمعادلت التماضسلية الوفيمية فحسسا، ب  يوفر .يضسا  إرارا  دحليليا   المنهجيات التةليدية. ل يبرم 

قويا  مع د بيةات مهمة فب املجة ديناميييات السسسسياو،  دحلي  ال سسسبيات العصسسسبية،  .ايمة التحيم التب دتضسسسمم دأثيرات 

 .اللاكرل
 

المعادلت التياملية التماضسسلية، التأخير المتغير، الحلود الد رية، مبرهنة النة ة البابتة ليمايسسنيمسسسيب،  :الكلمات المفتاحية

 التحلي  يير الخ ب، المعادلت التماضلية الوفيمية
 

Introduction 

The study of periodic solutions for differential equations with delays represents a fundamental area of 

mathematical analysis with significant applications across various scientific and engineering disciplines. These 
functional differential equations provide a natural framework for modeling phenomena in biology, economics, 

and physics where a system's future state depends on its historical behavior [1, 2, 3]. The field has been 

substantially influenced by foundational work from researchers [3, 4] and others who have investigated existence, 

uniqueness, and stability properties for various types of equations, including neutral systems [5, 6, 7, 8] and 

sublinear Duffing equations [9]. 

This paper addresses the existence and uniqueness of periodic solutions for the nonlinear integro-differential 

equation with variable delay: 

𝑥′(𝑡) + 𝑎(𝑡)𝑥(𝑡) + ∫  
𝑡

𝑡−𝜏(𝑡)

 𝐾(𝑡, 𝑠) ⋅ 𝑥(𝑠)𝑒−|𝑥(𝑠)|𝑑𝑠 = 0 (1) 

where the functions 𝑎(𝑡), 𝜏(𝑡), and 𝐾(𝑡, 𝑠) are periodic. This class of equations is particularly relevant as the 

integral term captures the cumulative effect of past states over a time-varying interval, a feature commonly 

observed in real-world systems. Previous research has examined integrodifferential equations with delays in 

various contexts, including studies of positive solutions with unbounded delay [9] and sub-exponential solutions 

[10]. 

The establishment of periodic solutions for such equations constitutes a classical problem typically addressed 

through fixed-point theory [11]. Several investigations have applied this methodology to neutral functional 

differential equations, as demonstrated in the works of [12,13,14]. While these studies successfully established 
existence and uniqueness results for their respective models, our current work addresses a distinct problem 

characterized by an exponential nonlinearity combined with variable delay. 

The primary objective of this paper is to provide a rigorous proof for the existence and uniqueness of 𝜔-periodic 

solutions for this equation. Our approach employs the Krasnoselskii Fixed Point Theorem, which effectively 

combines both contraction and compactness properties. The exponential nonlinearity 𝑔(𝑥) = 𝑥𝑒−|𝑥| provides 

natural boundedness conditions essential for the application of fixed-point theory, while the variable delay 𝜏(𝑡) 

introduces additional complexity that reflects more realistic system behaviors. 

The key contribution of this work lies in its methodological rigor and the derivation of sufficient conditions that 

guarantee the existence and uniqueness of periodic solutions. By leveraging the specific properties of the 

exponential nonlinearity, we establish precise bounds and Lipschitz constants that facilitate the application of 

fixed-point theory. 
The remainder of this paper is organized as follows: Section 2 presents necessary definitions and preliminary 

results, Section 3 contains our main theorem with detailed proof, and Section 4 summarizes our findings and 

presents concluding remarks. 

 

Preliminaries and Notation 

Assumptions 

The following assumptions are made on the functions in our equation: 

1. The function 𝑎(𝑡) is continuous and 𝜔-periodic, with ∫  
𝜔

0
𝑎(𝑡)𝑑𝑡 > 0. 

2. The delay function 𝜏(𝑡) is continuous and 𝜔-periodic, with 0 ≤ 𝜏(𝑡) ≤ 𝜏0  for some constant 𝜏0. 

3. The function 𝐾(𝑡, 𝑠) is continuous and 𝜔-periodic in 𝑡, i.e., 𝐾(𝑡 + 𝜔, 𝑠 + 𝜔) = 𝐾(𝑡, 𝑠), and its maximum 

value is denoted as max
𝑡,𝑠

 |𝐾(𝑡, 𝑠)|. 

Definition 1. The space 𝐶𝜔 is the Banach space of continuous 𝜔-periodic functions 𝑥: ℝ → ℝ with the norm: 
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‖𝑥‖ = sup
𝑡∈[0,𝜔]

 |𝑥(𝑡)|. 

Definition 2. The Green's function for the linear equation 𝑥′(𝑡) + 𝑎(𝑡)𝑥(𝑡) = 𝑓(𝑡) is defined as: 

𝐺(𝑡, 𝑠) =
𝑒− ∫  

𝑡
𝑠  𝑎(𝑢)𝑑𝑢

1 − 𝑒− ∫  
𝜔

0  𝑎(𝑢)𝑑𝑢
 

Remark 1. Under Assumption (1), the Green's function is well-defined. It satisfies 𝐺(𝑡 + 𝜔, 𝑠 + 𝜔) = 𝐺(𝑡, 𝑠) and 

there exist constants 𝑚, 𝑀 > 0 such that: 

𝑚 ≤ |𝐺(𝑡, 𝑠)| ≤ 𝑀  for all 𝑡, 𝑠 ∈ ℝ. 

Theorem 1 (Krasnoselskii Fixed Point Theorem). Let 𝑀 be a closed, convex, nonempty subset of a Banach 

space (𝑋, ‖ ⋅ ‖). Suppose that 𝐴 and 𝐵 map 𝑀 into 𝑋 such that: 

1. 𝐴𝑥 + 𝐵𝑦 ∈ 𝑀 for all 𝑥, 𝑦 ∈ 𝑀, 

2. 𝐴 is compact and continuous, 

3. 𝐵 is a contraction mapping. 

Then there exists 𝑧 ∈ 𝑀 with 𝑧 = 𝐴𝑧 + 𝐵𝑧. 

 
 Main Results 

We transform equation (1) into an equivalent integral equation. An 𝜔 periodic solution to (1) is a fixed point of 

the operator 𝑇: 𝐶𝜔 → 𝐶𝜔 defined by: 

(𝑇𝑥)(𝑡) = − ∫  
𝑡

𝑡−𝜔

 𝐺(𝑡, 𝑠) [∫  
𝑠

𝑠−𝜏(𝑠)

 𝐾(𝑠, 𝑢)𝑥(𝑢)𝑒−|𝑥(𝑢)|𝑑𝑢] 𝑑𝑠 (2) 

Lemma 2. For the function 𝑔(𝑥) = 𝑥𝑒−|𝑥|, we have: 

1. |𝑔(𝑥)| ≤
1

𝑒
 for all 𝑥 ∈ ℝ 

2. |𝑔(𝑥) − 𝑔(𝑦)| ≤ |𝑥 − 𝑦| for all 𝑥, 𝑦 ∈ ℝ 
 

Proof. For 𝑥 ≥ 0, 𝑔(𝑥) = 𝑥𝑒−𝑥, and 𝑔′(𝑥) = (1 − 𝑥)𝑒−𝑥. The critical point is at 𝑥 = 1, where 𝑔(1) = 1/𝑒. For 

𝑥 < 0, 𝑔(𝑥) = 𝑥𝑒𝑥, and 𝑔′(𝑥) = (1 + 𝑥)𝑒𝑥. The critical point is at 𝑥 = −1, where 𝑔(−1) = −1/𝑒. Since 𝑔 is 

an odd function, the maximum absolute value is sup
𝑥∈ℝ

 |𝑔(𝑥)| = 1/𝑒. 

For the Lipschitz property, we find the supremum of |𝑔′(𝑥)| : 

• For 𝑥 > 0: |𝑔′(𝑥)| = |(1 − 𝑥)𝑒−𝑥| ≤ 1( achieved at 𝑥 = 0) 

• For 𝑥 < 0: |𝑔′(𝑥)| = |(1 + 𝑥)𝑒𝑥| ≤ 1 (limit as 𝑥 → 0−) 

Thus, sup
𝑥∈ℝ

 |𝑔′(𝑥)| = 1. By the Mean Value Theorem, |𝑔(𝑥) − 𝑔(𝑦)| ≤ |𝑥 − 𝑦|. 

Lemma 3. The operator 𝑇: 𝐶𝜔 → 𝐶𝜔 defined in (2) is well-defined and maps 𝐶𝜔 into itself. 

Proof. Let 𝑥 ∈ 𝐶𝜔. Define the inner integral: 

𝐼(𝑠) = ∫  
𝑠

𝑠−𝜏(𝑠)

𝐾(𝑠, 𝑢)𝑥(𝑢)𝑒−|𝑥(𝑢)|𝑑𝑢 

Since 𝐾(𝑠, 𝑢), 𝜏(𝑠), and 𝑥(𝑢)𝑒−|𝑥(𝑢)| are continuous and the integration interval is compact, 𝐼(𝑠) is continuous. 

By periodicity of 𝐾, 𝜏, and 𝑥, we have: 

𝐼(𝑠 + 𝜔) = ∫  
𝑠+𝜔

𝑠+𝜔−𝜏(𝑠+𝜔)
𝐾(𝑠 + 𝜔, 𝑢)𝑥(𝑢)𝑒−|𝑥(𝑢)|𝑑𝑢 = ∫  

𝑠

𝑠−𝜏(𝑠)
𝐾(𝑠, 𝑣)𝑥(𝑣)𝑒−|𝑥(𝑣)|𝑑𝑣 = 𝐼(𝑠), 

using the substitution 𝑣 = 𝑢 − 𝜔. Thus, 𝐼(𝑠) is 𝜔-periodic. 

Now, (𝑇𝑥)(𝑡) = − ∫  
𝑡

𝑡−𝜔
𝐺(𝑡, 𝑠)𝐼(𝑠)𝑑𝑠. Since 𝐺(𝑡, 𝑠) and 𝐼(𝑠) are continuous, 𝑇𝑥 is continuous. The periodicity 

follows from: 

(𝑇𝑥)(𝑡 + 𝜔) = − ∫  
𝑡+𝜔

𝑡

𝐺(𝑡 + 𝜔, 𝑠)𝐼(𝑠)𝑑𝑠 = − ∫  
𝑡

𝑡−𝜔

𝐺(𝑡, 𝑢)𝐼(𝑢)𝑑𝑢 = (𝑇𝑥)(𝑡) 

using the periodicity of 𝐺 and 𝐼. 

Lemma 4. The operator 𝐴: 𝐶𝜔 → 𝐶𝜔 defined by 

(𝐴𝑥)(𝑡) = − ∫  
𝑡

𝑡−𝜔

𝐺(𝑡, 𝑠) [∫  
𝑠

𝑠−𝜏(𝑠)

 𝐾(𝑠, 𝑢)𝑥(𝑢)𝑒−|𝑥(𝑢)|𝑑𝑢] 𝑑𝑠 

is compact and continuous. 

Proof. For continuity, let 𝑥, 𝑦 ∈ 𝐶𝜔. Then: 
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‖𝐴𝑥 − 𝐴𝑦‖ = sup
𝑡∈[0,𝜔]

 |(𝐴𝑥)(𝑡) − (𝐴𝑦)(𝑡)|

 ≤ 𝑀 ⋅ max
𝑡,𝑠

 |𝐾(𝑡, 𝑠)| ⋅ ‖𝑥 − 𝑦‖ ⋅ 𝜔 ⋅ 𝜏0

 

Thus, 𝐴 is continuous. 

For compactness, let 𝑆 ⊂ 𝐶𝜔 be bounded. For 𝑥 ∈ 𝑆, we have: 

|(𝐴𝑥)(𝑡)| ≤ 𝑀 ⋅ max
𝑡,𝑠

 |𝐾(𝑡, 𝑠)| ⋅
1

𝑒
⋅ 𝜔 ⋅ 𝜏0 

so 𝐴(𝑆) is uniformly bounded. 

To show equicontinuity, we compute the derivative of (𝐴𝑥)(𝑡). Let 𝐷 = 1 − 𝑒− ∫  
𝜔

0  𝑎(𝑢)𝑑𝑢. Then: 

 

𝑑

𝑑𝑡
(𝐴𝑥)(𝑡) =

𝑑

𝑑𝑡
(− ∫  

𝑡

𝑡−𝜔

 𝐺(𝑡, 𝑠)𝐼(𝑠)𝑑𝑠)

 = − [𝐺(𝑡, 𝑡)𝐼(𝑡) − 𝐺(𝑡, 𝑡 − 𝜔)𝐼(𝑡 − 𝜔) + ∫  
𝑡

𝑡−𝜔

 
𝜕

𝜕𝑡
𝐺(𝑡, 𝑠)𝐼(𝑠)𝑑𝑠]

 = − [
1

𝐷
𝐼(𝑡) −

𝑒− ∫  
𝜔

0  𝑎(𝑢)𝑑𝑢

𝐷
𝐼(𝑡 − 𝜔) + ∫  

𝑡

𝑡−𝜔

  (−𝑎(𝑡))𝐺(𝑡, 𝑠)𝐼(𝑠)𝑑𝑠]

 = −
1

𝐷
[𝐼(𝑡) − 𝑒− ∫  

𝜔
0  𝑎(𝑢)𝑑𝑢𝐼(𝑡 − 𝜔)] + 𝑎(𝑡)(𝐴𝑥)(𝑡)

 

Since |𝐼(𝑡)| ≤ max
𝑡,𝑠

 |𝐾(𝑡, 𝑠)| ⋅
1

𝑒
⋅ 𝜏0, |𝑎(𝑡)| is bounded by continuity and periodicity, and |(𝐴𝑥)(𝑡)| is bounded, 

there exists 𝐿 > 0 such that: 

|
𝑑

𝑑𝑡
(𝐴𝑥)(𝑡)| ≤ 𝐿 

for all 𝑡 ∈ [0, 𝜔] and 𝑥 ∈ 𝑆. Thus, 𝐴(𝑆) is equicontinuous. 

By Arzela-Ascoli theorem, 𝐴(𝑆) is relatively compact. 

Lemma 5. The operator 𝐵: 𝐶𝜔 → 𝐶𝜔 defined by 𝐵𝑥 = 0 is a contraction mapping. 

Proof. Trivially, ‖𝐵𝑥 − 𝐵𝑦‖ = 0 ≤ 𝜆‖𝑥 − 𝑦‖ for any 0 ≤ 𝜆 < 1. 

Theorem 6 (Existence Theorem). Under assumptions (1)-(3) and if 

𝑀 ⋅ 𝜔 ⋅ 𝜏0 ⋅ max
𝑡,𝑠

 |𝐾(𝑡, 𝑠)| < 1 

then equation (1) has at least one 𝜔-periodic solution. 

Proof. We begin by defining the set 𝑀 = {𝑥 ∈ 𝐶𝜔 : ‖𝑥‖ ≤ 𝑅}, which constitutes a closed, convex, and nonempty 

subset of the Banach space 𝐶𝜔. The constant 𝑅 is selected to satisfy the inequality: 

𝑅 ≥ 𝑀 ⋅ max
𝑡,𝑠

 |𝐾(𝑡, 𝑠)| ⋅
1

𝑒
⋅ 𝜔 ⋅ 𝜏0 

To verify the first condition of Krasnoselskii's Fixed Point Theorem, we demonstrate that 𝐴𝑥 + 𝐵𝑦 ∈ 𝑀 for all 

𝑥, 𝑦 ∈ 𝑀. By the definition of our operators, we have 𝐴𝑥 + 𝐵𝑦 = 𝐴𝑥 + 0 = 𝐴𝑥. To establish that 𝐴𝑥 ∈ 𝑀, we 

must show that ‖𝐴𝑥‖ ≤ 𝑅. Employing the uniform bound derived in Lemma 4, we observe that for any 𝑥 ∈ 𝑀 : 

‖𝐴𝑥‖ = sup
𝑡∈[0,𝜔]

 |(𝐴𝑥)(𝑡)| ≤ 𝑀 ⋅ max
𝑡,𝑠

 |𝐾(𝑡, 𝑠)| ⋅
1

𝑒
⋅ 𝜔 ⋅ 𝜏0 

Our initial selection of 𝑅 ensures that ‖𝐴𝑥‖ ≤ 𝑅, thereby confirming that 𝐴𝑥 remains within the set 𝑀. 

Furthermore, Lemma 4 establishes that the operator 𝐴 is both compact and continuous. Additionally, Lemma 5 

demonstrates that the operator 𝐵 constitutes a contraction mapping. 

Consequently, since all conditions of Theorem 1 are satisfied, there exists a fixed point 𝑧 ∈ 𝑀 such that 𝑧 = 𝐴𝑧 +
𝐵𝑧 = 𝐴𝑧. This fixed point 𝑧 represents an 𝜔-periodic solution to equation (1), which completes the proof. 

Theorem 7 (Uniqueness Theorem). Under the same conditions as Theorem 6. the periodic solution is unique. 

Proof. Suppose 𝑥 and 𝑦 are two fixed points. Then: 

‖𝑥 − 𝑦‖ = ‖𝑇𝑥 − 𝑇𝑦‖

 = ‖𝐴𝑥 − 𝐴𝑦‖

 ≤ 𝑀 ⋅ max
𝑡,𝑠

 |𝐾(𝑡, 𝑠)| ⋅ ‖𝑥 − 𝑦‖ ⋅ 𝜔 ⋅ 𝜏0

 = 𝜆‖𝑥 − 𝑦‖

 

where 𝜆 = 𝑀 ⋅ 𝜔 ⋅ 𝜏0 ⋅ max
𝑡,𝑠

 |𝐾(𝑡, 𝑠)| < 1. Thus, ‖𝑥 − 𝑦‖ = 0, so 𝑥 = 𝑦. ◻ 
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Conclusion 

We have established the existence and uniqueness of periodic solutions for a class of nonlinear integro-differential 

equations with variable delay. The proof relies on the application of the Krasnoselskii Fixed Point Theorem, 

following the established methodology in the literature. By rigorously analyzing the boundedness and Lipschitz 

properties of the exponential nonlinearity, we derived a set of sufficient conditions on the equation's coefficients 
that guarantee a unique periodic solution. The presented approach provides a clear and robust framework for 

addressing this problem. 
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